Normative Model 

Assuming that individuals are able to represent the central tendency and dispersion of a population along some continuous dimension, we ask: When confronted with new members of the population, how do individuals revise their representation of the population's central tendency.  More specifically, we ask how the central tendency is revised as a function of (their representation of) the population's dispersion.  

In order to gain insight into this problem of belief revision, we would like to determine how individual's ought to update their beliefs if behaving rationally.  To subject the problem to mathematical analysis, we make a number of idealizing assumptions.  First,  we assume that individuals represent a population's values along a continuous dimension as a Normal distribution with mean  and standard deviation .  Second, we assume that the individual's subjective degree of belief is spread over the family of normal distributions, that is, all possible values of  and .  Under these assumptions, we may cast the belief revision problem as a case of Bayesian inference.  



P(y | , )

P(, | y)
=
––––––––––––––––

P(, )
(1)



 P(y | , ) d d
y is a single observation (a member of the population),  P(, ) is the individual's prior density function over  and ,  and P(, | y) is the individual's posterior density function that takes y into account.  P(y | , ) is the likelihood of observing y for a given  and , and is given by the normal distribution.   
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P(y | , )
=
––––––––––––

exp (–(y – )2/22)



sqrt(22)


We will consider the change that occurs in  as a function of  for different forms of the prior P(, ).   

No Uncertainty in Standard Deviation (
Consider the case where there is no uncertainty in  (e.g., assume that = c).  In this case, the two-dimension density function P(, ) collapses into the one dimensional density function P(), and Equation 1 becomes,



P(y | , c)

P( | y)
=
–––––––––––––

P()
(2)



 P(y | , c) d
Assume that P() has a normal distribution with mean 0 and standard deviation 0.  
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P()
=
––––––––––

exp (–(– 0)2/22)
(3)



sqrt (22)



It follows (Lee, 1989, pp. 36-38) that P( | y) will be normally distributed with mean 1 and standard deviation 1, where




0


c
1 
=
0 
–––––––––––––
+
y
–––––––––––––
(4)




0c


0c






1
=
 –––––––––––––



(5)



0c



Examination of Equation 4 indicates that the most likely posterior value of the mean is a weighted sum of the prior mean and the observation.  It reveals that as c increases (i.e., as the variability of the population increases), then the weight given to y decreases.  In other words, the change in the mean expected from the observation y is a negative function of c:  More variance means less change and less variance means more change.  

It is also the case that as 0 increases (intuitively, as one's confidence that 0 is the mean decreases), then the weight given to 0 decreases.  These relationships may be illustrated with a numerical example.  Assume that  0=2.5, and we then see a new instance y=7.5.  The question is: How far should the estimate of  be moved toward 7.5?  Consider three values of c:10, 4, and 1, referred to as high variability, moderate variability, and low variability, respectively.  Also consider three values of o:1, 2, and 4, referred to as high confidence, moderate confidence, and low confidence, respectively.  The resulting values for 1 are presented in the following table and figure, and demonstrate the expected relationships: The amount of change in  increases as both the variability of the population and confidence in the prior estimate of 0 decreases.  



High
Moderate
Low



Variability
Variability
Variability



(c=10)
(c=4)
(c=1)

High Confidence
2.55
2.79
5.00


(o=1)

Moderate Confidence
2.69
3.50
6.50


(o=2)

Low Confidence
3.19
5.00
7.21


(o=4)
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Uncertainty in the Standard Deviation and  Independent

Suppose that we are not certain of the value of .  That is, we have a prior distribution for  just as we have for .  Although it is not customary to do so, assume that the prior distributions of and are independent, i.e.,

P(, )
=
P() P()





(6)

leading to a new form of Equation 1,



P(y | , )

P(, | y )
=
––––––––––––––––

P() P()
(7)



 P(y | , ) d d
Assume P() is normally distributed as before (Equation 3).  The form for P() that I adopt is that customarily used when  is known but  is not: a (multiple of a) inverse chi distribution
.  



(s2/2)/2



P()
=
------------------------

exp (–s2/22)
(8)



1/2 (/2) +1



s and  have straightforward interpretations.  If you took a sample of the population in order to get an estimate of the prior P(), s would be the standard deviation of the sample and  would be the size of the sample minus one.  

Equations 3 and 8 can be plugged into Equation 7.  However, I don't know how to solve for the normalizing constant  P(y | , ) d d.  Nevertheless, all that is needed for current purposes is to discover the most likely value of  from the posterior distribution P(, | y).  In order to do this, I sampled values of  and  at a resolution of .1 until the most likely values were found.

First, in order to test the reasonableness of Equations 6-8, I assumed a prior distribution for  that asserted a great deal of certainty about .  This was done by setting =128, the equivalent of having 127 observations worth of information about .  Then, the same numerical example from the previous section was solved, only now with Equation 7.  Since there is great certainty in , the results should approximate the case where is known with absolute certainty.  This is in fact the case, as demonstrated by the following table.  The numbers in parentheses are most likely posterior values of , which, as expected, change little from their prior values.



High
Moderate
Low



Variability
Variability
Variability



(c=10)
(c=4)
(c=1)

High Confidence
2.5
2.8
5.0


(o=1)
(9.9)
(4.0)
(1.0)

Moderate Confidence
2.7
3.5
6.5


(o=2)
(9.9)
(4.0)
(1.0)

Low Confidence
3.2
5.0
7.2


(o=4)
(9.9)
(4.0)
(1.0)

Next, the same example was solved with =4, representing a more realistic uncertainty in the value of .  The results appear in the following table and figure.  



High
Moderate
Low



Variability
Variability
Variability



(c=10)
(c=4)
(c=1)

High Confidence
2.6
2.8
3.8


(o=1)
(8.4)
(3.8)
(1.7)

Moderate Confidence
2.8
3.7
6.6


(o=2)
(8.4)
(3.6)
(0.9)

Low Confidence
4.0
5.4
7.3


(o=4)
(6.1)
(3.4)
(0.8)
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Even when the standard deviation is allowed to vary as a result of the new information (y), the same qualitative pattern of change to the mean  occurs as in the previous section:  The amount of change increases as both the variability of the population and confidence in the prior estimate of 0 decreases, even when there is some uncertainty about the variability of the population.

Uncertainty in the Standard Deviation and  Non-Independent

However, it is not conventional to regard  and  as independent, as was done in Equation 6.  Consider that when non-informative priors of p()c and p()-1 are assumed, the posterior becomes what Lee (1989, pp. 68-72) calls an normal/chi-squared distribution (of .  When expressed in terms of  this becomes (Box & Tiao, 1972, pp.92-93),

P(, | y)
=
k -(n+1)exp (–(s2 + (– y)2)/22)
(9)



sqrt(n/2) (s2/2)/2



k
=
------------------------


1/2 (/2)



where y is a vector of observations (i.e., a sample), y is the mean of the sample, s is its standard deviation, n is its size, and =n-1.  The density of  conditional on  is given by (Lee, 1989, p. 72; Box & Tiao, 1972, p. 95), 



1



P(| , y)
=
––––––––––

exp (–(– y)2/22/n))
(10)



sqrt(22/n))



that is, a normal distribution with mean y and variance 2/n.  Thus, it is clear that conditional probability of  is dependent on .  

Furthermore, Equation 9 is conjugate with the likelihood.  Thus, when there is substantial prior information it is convenient to express it as a normal/chi-squared distribution.  By so doing, one is effectively expressing the prior knowledge in terms of a previously taken hypothetical sample.  If the parameters of the normal/chi-squared prior are 0s0 and n0 (where 0 is the mean of the prior hypothetical sample, s0 its standard deviation, and n0 its size),  and a new sample y with mean y, standard deviation s, and size n is observed, then the posterior is a normal/chi-squared distribution with parameters 1s1 and n1, where,

n1
=
 n0  + n
(11)

1
=
 (n00  +  n1y)/n1
(12)

s1
=
 sqrt ((n0s02 + ns2 + n002 + ny2 + n112) / n1)
(13)

In other words, it as if the posterior distribution is formed by combining the prior hypothetical sample and the new sample.  

For our purposes, the importance of this result lies in the Equation 12: 1 is the mode of the posterior distribution, and it is independent of the variance of either the prior hypothetical sample or the new sample.  Rather, 1 is simply the mean of the observations from both the prior hypothetical samples and the new sample.  

This result is in contrast to that obtained in the two previous sections where the amount of change in the most likely value of  is a function of the perceived variability.  In this section, we see that when a certain form of the prior is assumed (a normal/chi-squared), this is not the case.

Conclusion

When the information about a population on some continuous dimension is restricted to instances from the population, the most likely value of  is the mean of the instances.  The variability of prior instances should have no effect on one's belief about the central tendency.  If one's prior beliefs about a population may be characterized as a set of previously-encountered instances, the same result holds: The variability of the hypothetical instances has no effect on the most likely value of the mean that one should adopt in the face of a new instance.  

However, one's prior beliefs about the population may not always be characterized by a (possibly hypothetical) sample of observations.  (That is, one's prior beliefs about the population may not always be characterized by a normal/chi-squared distribution.)  For example, one may have knowledge about the variation of the population that is independent of the knowledge one has about the central tendency.  In the first section, we observed that when  is perfectly known and the subjective degree of belief over values of  is normally distributed, the rules for revising  depends on the value of  in such a way that larger values of  will result in smaller amounts of change in , and smaller values of  will result in larger amounts of change in .  In the second section, we demonstrated that the same relationship between  and change in  held even when knowledge about  was not perfect, that is, was distributed according to an inverse chi distribution.  

The exact effect of variability on belief change depends on the exact form of the prior.  However, when the prior distributions of  and  are independent, the effect of variability is to moderate the amount of change in the central tendency.  
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